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Abstract

In this paper, we present a new single fixed controller approach based on the
multivariable H2 control/regulator theory with internal model principle to solve
a challenging control problem arising from an on-flight critical elevator jam at
random positions that otherwise would need switching numerous controllers or
online adaptive redesign approaches.
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1 INTRODUCTION

1.1 Motivation
Shortly after the Wright Brothers invented the airplane,
Wilber Wright envisioned that the age of flying will have
arrived when ‘this one feature (the ability to balance
and steer)’ has been worked out [1]. Indeed, the age of
flying certainly has arrived – civil air transportation has
been our major means for distance travel, military air-
craft have played significant roles in national defense,
and the aviation industry has become an indispensable
part of the world economy. There is no question that
aircraft flight safety and efficiency are extremely impor-
tant. There has been continuous effort by the aviation
industry, NTSB, FAA, and NASA to reduce the aviation
accident rate to a minimum. The improvement of aircraft
design/maintenance, navigation/guidance equipment,
traffic control systems, pilot training, and so on has

resulted in apparent decrease in the accident rate and
fatalities in the past five decades, especially in civil trans-
port – a record low accident rate of 0.151 per 100,000 flight
hours in 2016 [2]. However, the GA (general aviation)
fatal accident rate has remained relatively flat, which is
still unacceptably high, with an accident rate around 5.9
per 100,000 flight hours, over the past ten years [2].

In the past 15 years, in-flight LOC (loss of control) has
been the leading cause of aviation accidents, accounting
for approximately 70 percent of all GA accident fatalities
[3,4]. LOC events usually are highly complex, resulting
from multiple adverse precursor conditions like subsys-
tem/component failures, external hazards, human errors,
and so on. The flight dynamics and behavior of the aircraft
near or in the LOC regime [5–7] are very different from
those inside the normal flight envelope, and are not well
understood. Aircraft LOC recovery is an extremely chal-
lenging task for pilots. The reaction time for LOC recovery
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usually is very limited, and pilots need to act quickly and
correctly, to avoid escalating the crisis. In this paper, we
will focus on addressing the issues arising from severe
actuator jam failures in F/A-18 aircraft.

Elevator jam failure is the most serious actuator mal-
function since it would cause a stall or a nose dive and
only allow pilots a very small window of time to react
and regain control of the aircraft. When an elevator jam
occurs, it not only causes a loss of an important control
authority but also creates a persistent disturbance against
the aircraft. The loss of elevator control authority and
the creation of the persistent disturbance would make it
impossible for the aircraft to fly at the normal trim since
the old equilibrium has disappeared. The disappearance
of the normal equilibrium would cause flight mode confu-
sion. If no appropriate action is taken in time, the aircraft
would become unstable and uncontrollable.

Several control strategies have been proposed to deal
with the issues arising from elevator jam, or in general,
actuator jam failures. These strategies, to name a few,
include mixer/pseudo-inverse [8–11], multivariable adap-
tive reconfiguration [12–17], multiple-model/switching
[14], neural network based adaptive control [18],
nonlinear inverse control [19–21], retrim/reoptimization
control [22,23], servomechanism control [24–26], and
so on.

1.2 Full untrimmed nonlinear flight
dynamics model is essential
Most existing control strategies for actuator jam failures
utilize plant models trimmed at a fixed operating equilib-
rium of interest instead of considering the full untrimmed
nonlinear aircraft flight dynamics model. In the follow-
ing, we will demonstrate why the full untrimmed model
is essential in the study of elevator jam issues. The
full untrimmed nonlinear model is a global mathemati-
cal model of the real system, which can be trimmed at
any operating equilibrium of interest to obtain a local
trimmed model. A trim is a desired operating equilibrium.
A trimmed model at a trim is a model described in terms
of the coordinates with origin at this specific trim.

It is a common practice in aircraft flight control system
design to design a specific controller for each trimmed
model at every operating trim of interest. Due to the
geometric symmetry of the aircraft structure, the flight
dynamics system can be decoupled into two subsystems:
one is the lateral system controlling the turns and lateral
heading direction, and the other is the longitudinal sys-
tem controlling the total air speed and the longitudinal
flight path angle that dictates ascent, descent, or keeps a
level flight. Since the elevator jam will not affect the lat-
eral dynamics, we will mainly focus on the longitudinal
subsystem.

The longitudinal flight dynamics system has four state
variables and two control inputs as follows,

x =
[

V 𝛼 q 𝜃
]T
, u =

[
𝛿e 𝛿T

]T (1)

where V, 𝛼, q, 𝜃, 𝛿e, and 𝛿T are the total speed, the angle of
attack, the pitch rate, the pitch angle, the elevator control,
and the thrust control, respectively.

If the lateral subsystem is set to fly straight without any
roll or yaw motion, then for the F/A-18 aircraft to conduct
a level flight with 10◦ angle of attack the longitudinal state
vector and control input vector will be at the following
trim,

Trim N ∶

x̂N =
[

435.9ft/s 10◦ 0◦∕s 10◦
]T

ûN =
[
−1.26◦ 5, 470.5 lbf

]T

(2)

Note that the flight path angle 𝛾 = 𝜃−𝛼 is zero, and both
the angle of attack 𝛼 and the pitch angle 𝜃 are 10◦. The total
air speed V is fixed at 435.9ft/s. A trimmed flight dynam-
ics model at TrimN can be derived from the F/A-18 full
untrimmed nonlinear flight dynamics model [27–29], and
this trimmed model can be employed to design a controller
to stabilize and improve the performance of the system at
and around TrimN.

In case an elevator jam failure occurs and the jam posi-
tion is at 𝛿e = −10◦, the system not only loses 50% of
its control authority, it will also be subject to a persistent
aerodynamic disturbance caused by the jammed elevator
control surface. This persistent disturbance would push
the aircraft nose down. To offset the effect the thrust con-
trol 𝛿T has to increase to pitch up the aircraft. Since TrimN
has disappeared, it is impossible to recover the system
back to the old trim. However, it is possible to recover the
aircraft to another level flight trim, which is

Trim Jn10 ∶

x̂Jn10 =
[

333.5ft/s 19.7◦ 0◦∕s 19.7◦
]T

ûJn10 = 10, 771.6 lbf

(3)

This new level flight trim with 19.7◦ angle of attack is the
only possible level flight trim the impaired aircraft can fly.
The total air speed V is decreased from 435.9ft/s to 333.5ft/s
and the thrust control input 𝛿T is increased from 5470.5lbf
to 10771.6lbf. The new trim TrimJn10 is very different from
the old trim TrimN.

The above discussions have revealed that the full
untrimmed nonlinear flight dynamics model is essential
not only in finding the operating equilibrium (the trim) of
interest but also in assembling a linearized model at the
trim so that a controller can be designed for each possible
flight mode.
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1.3 Organization of the paper
The remainder of the paper is organized as follows. Section
2 demonstrates how an elevator jam will change the oper-
ating trim according to the jam position and explains
the conventional approaches based on a fixed trim are
inadequate in addressing the elevator jam issues. Possi-
ble remedies including the proposed solution are briefly
described. In Section 3, we introduce the full untrimmed
nonlinear F/A-18 flight dynamics model with actuator
limits and dynamics constraints. The linearized model
at particular trim condition will be explicitly described.
Section 4 describes the structure of the nominal robust
tracking controller that integrates the H2 optimal con-
trol theory, the multivariable sermomechanism/regulator
theory with internal model principle to achieve internal
stability, robust altitude and flight path angle tracking,
side-slip regulation, coordinated turn control, and so on.
In Section 5, a single fixed contingency reconfigured con-
troller is designed to address all the urgent issues caused by
an elevator jam that may occur at any position from−23◦ to
+4◦. This reconfigured controller is able to automatically
identify the new feasible level flight trim corresponding to
the elevator jam position and stabilize the aircraft flight
at the new trim. Furthermore, it is capable of conduct-
ing robust tracking of altitude, flight path angle, side-slip,
and coordinated turn so that it can perform any required
maneuvers to prepare for landing. In Section 6, simula-
tions with the full untrimmed nonlinear F/A-18 model are
presented to demonstrate the effectiveness of the proposed
versatile robust tracking/regulation controller in mitigat-
ing the crisis caused by elevator jams. Section 7 is the
conclusion. Section 8 provides a sketch proof of solution
existence for two key equations employed in the design,
and analysis of the closed-loop system stability after the
trim has shifted to accommodate the elevator jam failures.

2 ELEVATOR JAM ISSUES &
POSSIBLE REMEDIES

In Section 1.2, we have used an F/A-18 longitudinal flight
dynamics example to demonstrate that a fixed-trim lin-
earized model is incapable of accurately describing the
flight mode changes caused by elevator jam failures or
assembling a linearized model for each trim (flight mode)
of interest. On the other hand, with the full untrimmed
nonlinear flight dynamics model we are able to find the
new flight trim (flight mode) and assemble a linearized
model for each trim of interest.

2.1 Elevator jam issues
Assume the untrimmed nonlinear model is given as

.x(t) = 𝑓 (x(t),u(t)) (4)

where x(t) and u(t) are the state and control input vectors
shown in Equation (1). Note that the equilibriums of the
system are those (x,u) such that f(x,u) = 0. In addition
to the natural origin equilibrium (0,0), there exist infinite
many equilibrium points on a two-dimensional equilib-
rium surface inside the 6-dimensional product space X×U,
where X is the 4-dimensional state space and U is the
2-dimensional control input space. This two-dimensional
equilibrium surface is the operable regime of the aircraft.

Inside the operable regime, the total air speed V and the
flight path angle 𝛾 = 𝛼−𝜃 can be altered by varying the ele-
vator and thrust controls 𝛿e and 𝛿T. If a level flight with 10◦

angle of attack is chosen, the desired operating equilibrium
will be as shown in Equation (2) of Section 1.2.

If the elevator is jammed at 𝛿e = 𝛿ej = −10◦, the
untrimmed nonlinear model of Equation (4) will become

.x(t) = 𝑓 (x, 𝛿T , 𝛿e𝑗) (5)

Note that the jammed elevator control surface not only
loses its control authority, it becomes a source of persistent
disturbance. The only available control input is the thrust
control 𝛿T. Furthermore, the operable regime of the sys-
tem has reduced to a one-dimensional equilibrium curve.
If level flight requirement is added, the operable regime
will further reduce to just one operating point, which is
given by Equation (3) in Section 1.2.

If the elevator jam occurs at 𝛿e = −20◦, the only level
flight trim for the impaired aircraft will be

Trim Jn20 ∶

x̂Jn20 =
[

294.8ft/s 27.5◦ 0◦∕s 27.5◦
]T

ûJn20 = 13, 966. 1 lbf

(6)

In case the elevator is jammed at 𝛿e = 2◦, the only level
flight trim for the impaired aircraft is

Trim Jp2 ∶

x̂Jp2 =
[

560.1ft/s 5.47◦ 0◦∕s 5.47◦
]T

ûJp2 = 2, 706. 2 lbf

(7)

Note that there is only one level-flight trim associated
with each elevator jam position, and these trims can
be very different. For each trim, a trimmed dynamics
model can be derived from the full untrimmed nonlinear
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dynamics model. For instance, the linearized model at
TrimJn10 can be found as

.
x̄Jn10(t) = A10x̄Jn10(t) + B10ūJn10(t)

x̄Jn10 =
[

V̄ �̄� q̄ �̄�
]T
, ūJn10 = 𝛿T

A10 =
⎡⎢⎢⎢⎣
−0.0588 −21.272 0 −32.2
−0.0005 −0.2 1 0

0 −1.7533 −0.2631 0
0 0 1 0

⎤⎥⎥⎥⎦
B10 =

[
0.00091 0 0 0

]T

(8)

Based on this linearized model at TrimJn10, a
state-feedback controller like the following

ūJn10(t) = F10x̄Jn10(t)

=
[
−58.176 4984.8 1133.6 4179.6

]
x̄Jn10(t)

(9)

can be designed by the H2 optimization, the LQR
approach, or simply pole-placement approach to stabilize
and improve the performance of the system at and around
TrimJn10.

2.2 Possible remedies
A feedback connection of a trimmed controller with the
full untrimmed nonlinear plant is shown in Figure 1. Note
that the origins of (x̄, ū) and (x,u) are (x̂, û) and (0,0),
respectively, and hence the offset adjustments x̄ = x − x̂
and u = ū− û are required in the connection. For example,
if the elevator jam failure occurs at 𝛿e = −10◦, the feasible
level flight trim: û = 10, 771.6, x̂ = x̂Jn10, and the controller
Fk = F10 given by Equation (9) can be employed to con-
duct the simulation. It also can be seen from Equations (3),
(6), (7), that as the elevator jam position varies, the feasible
trim (x̂, û) may change tremendously.

One of the biggest challenges caused by elevator jam
failures is that the elevator jam position is not known a pri-
ori and when it occurs there is only very limited time to
deal with the crisis before it becomes unmanageable. Since
the feasible trim for the aircraft to fly after the jam is also
unknown before the jam, it is impossible to predesign a

FIGURE 1 Feedback connection of a trimmed controller with
the full untrimmed plant

controller using a conventional approach to stabilize the
system at an unknown trim. Therefore, possible solutions
to address the elevator jam issues are limited to the follow-
ing three categories. One is the multiple-model/switching
category that predesigns multiple contingency controllers
for the trims associated with all possible elevator jam posi-
tions. When an elevator jam is detected, one of the pre-
designed controllers that is associated with the elevator
jam position will be selected by the switching mechanism
to serve as the contingency controller to address the ele-
vator jam issue. These approaches are tedious and may
require large amount of data space.

The second is the on-line design category,
which includes the adaptive control and the
retrim/reoptimization approaches. Since the dire situa-
tion caused by the elevator jam may worsen quickly, the
computation needs to be much faster than the situation
deterioration rate for the on-line design approaches to
work. The third category is the servomechanism/regulator
approach, in which the elevator jam position is consid-
ered as a constant disturbance, the magnitude of which is
arbitrary and therefore the effect of the arbitrary constant
disturbance can be regulated to zero at a steady state if a
tracking/regulation control system is adequately designed.
Our proposed remedy for the elevator jam failure is
evolved from our early primitive works [24,26] in 2001
using the basic concept of servomechanism/regulator.
Due to the inability to incorporate a trustworthy full
untrimmed nonlinear flight dynamics model into the
design process at that time, these early works only worked
for minor elevator jam cases.

Our proposed remedy for the elevator jam failure is a sin-
gle fixed predesigned versatile robust tracking/regulation
contingency controller. The proposed approach does not
require the knowledge of the new feasible trim. It only
needs to know if the elevator is jammed and the approxi-
mate jam position. Upon the detection of an elevator jam,
the contingency controller will replace the nominal con-
troller and automatically lead the impaired aircraft to fly
toward and eventually at the new feasible desired trim con-
formable to the new elevator jam condition. One may be
wondering how can it be possible for the controller to lead
the impaired aircraft to a feasible trim without knowing
the trim beforehand. More apparently magical is that the
controller is able to accomplish the mission without the
knowledge of the dynamics model at the future feasible
trim. In fact, the reasoning behind the magic is simple. It
is simply a feedback with robust tracking/regulation. The
controller just simply demands the impaired aircraft to fly
according to a desired reference flight path angle. If the
desired reference flight path angle is zero, the impaired air-
craft will have no other choice but to go to the unique level
flight trim.
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3 NONLINEAR 6-DOF AIRCRAFT
DYNAMICS MODEL

3.1 Equation of aircraft dynamics system
The test bed employed in this paper for the study of robust
trajectory tracking under critical actuator jam failures is
a six-DOF untrimmed 12-state nonlinear F/A-18 aircraft
flight dynamics model. This model was originally created
in FORTRAN by Buttrill et al. [27], then migrated to MAT-
LAB by Chakraborty et al. to build a 9-state full nonlinear
model in the study of ROA (region of attraction) of the
vehicle [28]. Later this model was slightly modified by
Chang et al. to construct a 6-DOF 12-state untrimmed non-
linear Simulink model in the study of aircraft trim recovery
from highly nonlinear upset conditions [29].

The model is represented by the state equation,
.x(t) = 𝑓 (x(t),u(t)) (10a)

where the state vector is

x =
[
V 𝛽 𝛼 p q r 𝜙 𝜃 𝜓 pN pE h

]T (10b)

and the control input is

u =
[
𝛿a 𝛿r 𝛿e 𝛿T

]T (10c)

The 12 state variables are V: total speed (ft/s), 𝛽: side
slip(rad), 𝛼: angle of attack(rad), p: roll rate(rad/s), q: pitch
rate(rad/s), r: yaw rate(rad/s), 𝜙: roll angle(rad), 𝜃: pitch
angle(rad), 𝜓 : yaw angle(rad), pN: position north(ft), pE:
position east(ft), h: altitude(ft), and the 4 control inputs
are 𝛿a: aileron(rad), 𝛿r: rudder(rad), 𝛿e: elevator(rad), 𝛿T:
thrust(lbf). For computations the units of angles and angle
rates have to be radians and radians/second, but for the
ease of recognition by human they are displayed in degrees
and degrees/second.

The 12 equations of motion inside Equation (10) are
given in the following:

.
V = − 1

m
q̄S (CDcos𝛽 − CY sin𝛽) + T

m
cos 𝛼 cos 𝛽

+ g(sin𝜙 cos 𝜃 sin 𝛽 + cos𝜙 cos 𝜃 sin 𝛼 cos 𝛽

− sin 𝜃 cos 𝛼 cos 𝛽)
.
𝛽 = − 1

mV
q̄S (CDsin𝛽 + CY cos𝛽) + T

mV
cos 𝛼 sin 𝛽

+ p sin 𝛼 − r cos 𝛼 +
g
V

cos 𝜃 sin𝜙 cos 𝛽

+ sin 𝛽

V
(g cos 𝛼 sin 𝜃 − g sin 𝛼 cos𝜙 cos 𝜃)

.
𝛼 = − 1

mV cos 𝛽
q̄SCL + q − tan 𝛽(p cos 𝛼 + r sin 𝛼)

+
g

V cos 𝛽
(cos𝜙 cos 𝜃 cos 𝛼 + sin 𝛼 sin 𝜃)

− T sin 𝛼

mV cos 𝛽
(11a)

.p = {IzzL + IxzN − [Ixz(I𝑦𝑦 − Ixx − Izz)p + I2
xz r

+ Izz(Izz − I𝑦𝑦)r]q}∕(IxxIzz − I2
xz)

.q = [M + (Izz − Ixx)pr + (r2 − p2)Ixz]∕I𝑦𝑦

.r = {IxzL + IxxN + [Ixz(I𝑦𝑦 − Ixx − Izz)r + I2
xz p

+ Ixx(Ixx − I𝑦𝑦)p]q}∕(IxxIzz − I2
xz)

(11b)

.
𝜙 = p + (q sin𝜙 + r cos𝜙) tan 𝜃
.
𝜃 = q cos𝜙 − r sin𝜙

.
𝜓 = (q sin𝜙 + r cos𝜙) sec 𝜃

(11c)
.pN = V cos 𝛽 sin 𝛼(cos𝜙 sin 𝜃 cos𝜓 + sin𝜙 sin𝜓)

+ V sin 𝛽(sin𝜙 sin 𝜃 cos𝜓 − cos𝜙 sin𝜓)

+ V cos 𝜃 cos𝜓 cos 𝛽 cos 𝛼
.pE = V cos 𝛽 sin 𝛼(cos𝜙 sin 𝜃 sin𝜓 − sin𝜙 cos𝜓)

+ V sin 𝛽(sin𝜙 sin 𝜃 sin𝜓 + cos𝜙 cos𝜓)

+ V cos 𝜃 sin𝜓 cos 𝛽 cos 𝛼
.
h = V sin 𝜃 cos 𝛽 cos 𝛼 − V cos𝜙 cos 𝜃 cos 𝛽 sin 𝛼

− V sin𝜙 cos 𝜃 sin 𝛽

(11d)

Note that the above 12 state equations are assembled
in four groups: the translational velocity equations in
Equation (11a), the angular velocity equations
in Equation (11b), the Euler angle equations in
Equation (11c), and translational position equations in
Equation (11d). Due to page limitation, the moment and
force equations, the aerodynamic coefficients, and the
aircraft physical parameters required in the above
equations of motion are not included; however, they can
be found in [28].

3.2 Trim, equilibrium, and linearization
A common practice in the analysis and design of aircraft
flight control systems is to determine a trim, which is
loosely defined as a desired steady-state flight condition,
so that the aircraft can safely fly at or in the vicinity of the
trim. Although 'trim' seems to be a synonym of 'equilibri-
um', they actually are different. A trim is an equilibrium,
but an equilibrium does not necessarily qualify to serve
as a trim since not all equilibriums are desirable. In addi-
tion, a flight trim is only directly relevant to the four
control inputs and the first eight state variables shown in
Equation (10b). These eight trim-relevant state variables
are the total speed V, the side slip 𝛽, the angle of attack 𝛼,
the roll rate p, the pitch rate q, the yaw rate r, the roll angle
𝜙, and the pitch angle 𝜃. The last four state variables of
Equation (10b), that is, the yaw angle𝜓 , the position North
and the position East variables pN and pE, and the altitude
h, are irrelevant to the trimming process.

CHAN ET AL.2258



FIGURE 2 Straight-level flight trim plot for
F/A-18 model

Once a feasible trim is determined, the derivatives of the
eight trim-relevant state variables should be zero at steady
state, and the eight state variables and the control inputs
should all approach constant values at steady state. Then
these eight steady-state values together with the last four
state equations in Equation (11) can be employed to com-
pute the four trim-irrelevant state variables. Note that the
derivatives of the four trim-irrelevant state variables are
not required to be zero and they can continue to be func-
tions of time when the other eight state variables and four
control inputs all approach constant steady states.

Therefore, in the process of determining a trim or
designing a stabilizing controller, we only need the
following 8-state model:

.x(t) = 𝑓 (x(t),u(t))

x =
[

V 𝛽 𝛼 p q r 𝜙 𝜃
]T

u =
[
𝛿a 𝛿r 𝛿e 𝛿T

]T

(12)

The control input constraints due to the magnitude and
rate limitations are given as follows [27,28]:

− 25◦ < 𝛿a < 25◦,−30◦ < 𝛿r < 30◦,−24◦ < 𝛿e < 10.5◦

0lb < 𝛿T < 20, 000lbf,−100◦∕s <
.
𝛿a < 100◦∕s,

− 61◦∕s <
.
𝛿r < 61◦∕s,−40◦∕s <

.
𝛿e < 40◦∕s

(13)

Furthermore, the actuator dynamics bandwidths of 𝛿a,
𝛿r, 𝛿e, and 𝛿T, are described by 48∕(s + 48), 40∕(s + 40),
30∕(s + 30), and 30∕(s + 30), respectively.

Since an aircraft in general spends most of its flight time
on straight level flight, which is also the most favorable
flight trim to resume when aircraft is under stressful

condition, the nominal flight trim is chosen as the nominal
trim TrimN shown in the following.

x̂N =
[

435.9ft/s 0◦ 10◦ 0◦∕s 0◦∕s

0◦∕s 0◦ 10◦ ∗◦ ∗ ft ∗ ft ∗ ft
]T

ûN =
[

0◦ 0◦ −1.26◦ 5, 470.5lbf
] (14)

Note that the yaw angle and the three position state
variables are left open (marked by *) in TrimN since they
are not trim variables. It can be seen on the straight-level
flight trim plot shown in Figure 2 that the total speed V, the
thrust 𝛿T and the elevator 𝛿e are 435.9ft/s, 5,470.5lbf, and
−1.26◦, respectively when both the angle of attack 𝛼 and
the pitch angle 𝜃 are equal to 10◦. Meanwhile, the oper-
ating range of the elevator for straight-level flight is from
5.4◦ to −24◦, where the latter is due to the control surface
swing limit in Equation (13) but the former is limited by
the insufficient lift caused by too little angle of attack. In
addition, there is a bifurcation point at 𝛼 = 1.5◦ in the
𝛿T vs. 𝛼 plot. If the angle of attack is less than 1.5◦, the
thrust would need to be increased tremendously to speed
up and generate enough lift to maintain a level flight. We
will utilize this plot later to explain the mitigable elevator
jam range.

A common practice in aircraft flight control system
design is to select a feasible flight trim, and design a
linear or nonlinear controller so that the closed-loop sys-
tem has desired performances at and around the trim. At
the selected trim, TrimN, we will first find the linearized
model, analyze the open-loop system characteristics, and
then design a control system to improve stability, enhance
handling quality, and so on.
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FIGURE 3 The basic structure of the nominal
robust tracking controller

Due to the symmetrical structure of the aircraft, the
8-state linearized model can be further decoupled into two
sets of 4-state models including the longitudinal dynamics
equation:

.
x̄Lg(t) = ALgx̄Lg(t) + BLgūLg(t)

x̄Lg =
[

V̄ �̄� q̄ �̄�
]T
, ūLg =

[
𝛿e 𝛿T

]T

ALg =
⎡⎢⎢⎢⎣
−0.0239 −28.3172 0 −32.2
−0.0003 −0.3621 1 0

0 −2.2115 −0.2532 0
0 0 1 0

⎤⎥⎥⎥⎦
BLg =

⎡⎢⎢⎢⎣
−3.8114 0.001
−0.0515 0
−2.8791 0

0 0

⎤⎥⎥⎥⎦

(15)

and the lateral dynamic equation:

.
x̄La(t) = ALax̄La(t) + BLaūLa(t)

x̄La =
[
𝛽 p̄ r̄ �̄�

]T
, ūLa =

[
𝛿a 𝛿r

]T

ALa =
⎡⎢⎢⎢⎣
−0.0347 0.1736 −0.9848 0.0727
−8.543 −0.8883 0.8762 0
0.886 0.0399 −0.1895 0

0 1 0.1763 0

⎤⎥⎥⎥⎦
BLa =

⎡⎢⎢⎢⎣
−0.0149 0.0207
8.3321 0.9541
−0.042 −0.6277

0 0

⎤⎥⎥⎥⎦

(16)

The eigenvalues associated with longitudinal model are
at −0.3094 ± j1.4800 , −0.0101 ± j0.1010 and the eigen-
values associated with the lateral model are −0.2870 ±
j1.4500 , −0.4890 , −0.0518. The trim is stable, but the
open-loop characteristics are poor especially the phugoid
mode with damping ratio 𝜍 = 0.1 and natural frequency
𝜔n = 0.102rad/s that would cause unacceptably long and
large up and down oscillations in longitudinal motion.
These issues can be easily fixed using feedback control.

4 NOMINAL ROBUST TRACKING
CONTROL

4.1 Nominal tracking controller
structure
The robust tracking controller structure shown in Figure 3
will be employed in the design of the longitudinal flight
path tracking controller and the lateral coordinated turn
controller. The trimmed plant model is described by

.x1(t) = Ax1(t) + Bu(t), 𝑦1(t) = −C1x1(t)

e(t) = r(t) − 𝑦1(t) = D11r(t) + C1x1(t)
(17)

in which (A,B) can be (ALg,BLg) of the longitudinal dynam-
ics model of Equation (15) or (ALa,BLa) of the lateral
dynamics model of Equation (16), and the output vector
y1(t) consists of the variables to be tracked or regulated.
One of the main objectives of the robust tracking control
system is to make the regulated output follow the com-
mand, or the reference input r(t), which is modeled as the
output of the exogenous system,

.r(t) = Zrr(t) with r(0) = r0 (18)

where Zr has eigenvalues only on the imaginary axis of the
complex plane and the initial exogenous state vector r0 is
arbitrary. The most common exogenous signals include the
step inputs with arbitrary magnitude and the sinusoidal
signals with arbitrary amplitude and phase.

The internal model, which is a copy of the exogenous
system dynamics in Equation (18) and the U and W matri-
ces in the controller structure are employed to achieve
zero tracking error at steady state, that is, y1(∞) = r(∞).
The U and W matrices satisfying the following regulator
equation [30–33]:

AW + BU − WZr = 0

C1W + D11 = 0
(19)

will transform the original coordinate (x1,u) to the new
one (x̃1, ũ), where

x̃1 = x1 − W𝜌, ũ = u − U𝜌 (20)

according to the vector 𝜌.
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4.2 Nominal tracking controller
construction
The combination of the Internal Model and the
Equilibrium-Shift regulation mechanism shown in
Figure 3 is a perfect match that allows the former to auto-
matically identify the correct vector value of 𝜌 according
to the plant variation so that the latter can complete the
equilibrium shift and achieve robust tracking. In the
following, we will describe how to find the matrices F,
U, W, and E so that the closed-loop system is stable, the
robust steady-state tracking is achieved, and the transient
response is optimized subject to the actuator limitations
and constraints shown in Equation (13).

1) Construct The Augmented System
The first step is to combine the two subsystems,
the trimmed plant model and internal model, into
one augmented system with state vector xT(t) =[

xT
1 (t) xT

2 (t)
]
. The state equation for the augmented

system will be

.x(t) =
[

A 0
C1 Zr

]
x(t) +

[
0

D11

]
r(t) +

[
B
0

]
u(t) (21)

2) Optimize The Transient Response
Then the transient response optimization problem
will be formulated as an H2 optimal control problem,
which is to find a feedback control strategy

u(t) = F1x1(t) + F2x2(t) (22)

so that the closed-loop system is internally stable
and the following performance index integral is min-
imized.

∫
∞

0

(
xT(t)Qx(t) + uT(t)Ru(t)

)
dt (23)

where Q and R are positive semi-definite and pos-
itive definite, respectively. Note that the weighting
matrices Q and R need to be chosen to optimize

the transient response while the actuator constraints
shown in Equation (13) are not violated.

3) Compute The Matrices F, U, W, & E
Based on Equation (22), Equation (19), and the con-
troller structure in Figure 3, the matrices F,U,W and
E can be found by solving the following equations,

F = F1, AW + BU − WZr = 0
C1W + D11 = 0, UE − F1WE − F2 = 0

(24)

4.3 Nominal control of aircraft flight
maneuvers
In addition to the straight level flight, the aircraft needs
to be able to perform ascent, descent, and left or right
coordinated turns. The structure of the nominal optimal
robust tracking control system for aircraft flight maneu-
vers is shown in Figure 4. On the right and left of the figure,
we can see the output u and the input y of the controller KN,
which respectively are connected to the full untrimmed
nonlinear aircraft dynamics model shown in Figure 1.
Since the controller is designed based on the linearized
models at TrimN of Equation (14), the designed control
input ū(t) actually refers to ûN , which means 𝛿T = 0lbf is
equivalent to 𝛿T = 5, 470.5lbf and 𝛿e = 0◦ is understood as
𝛿e = −1.26◦. On the other hand, the data in the untrimmed
output y(t) need to subtract the trim values before they
enter the controller. For example, V̄ = V − 453.9𝑓 t∕s and
x̄Lg = xLg −

[
453.9ft/s 10◦ 0◦/s 10◦

]
.

Longitudinal Flight Path Tracking The controller
structure in Figure 4 is partitioned into two parts. The
upper part is for the longitudinal stability, robustness, and
flight path angle control. The flight path angle 𝛾 control is
indirectly commanded by the altitude reference input href.
The flight path angle 𝛾 is a function of 𝛼, 𝜃, 𝛽, and 𝜙 as
follows [34].

sin 𝛾 = − cos 𝜃 [cos 𝛽 cos𝜙 sin 𝛼 + sin 𝛽 sin𝜙]

+ cos 𝛼 cos 𝛽 sin 𝜃
(25)

FIGURE 4 Robust tracking control of
nominal aircraft flight maneuvers
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Note that for the straight level flight when 𝛽 = 0◦ and
𝜙 = 0◦, this equation will reduce to 𝛾 = 𝜃− 𝛼. The altitude
h̄ is h̄ = h−hnom, where h(t) is the real aircraft altitude and
hnom is the nominal altitude, assuming 25,000ft. Let the
current aircraft altitude h be at the nominal value, 25,000ft,
which means h̄ is zero. To increase the altitude to 30,000ft,
href should change from 0 to 5,000ft. Right after the href
change, the difference hre𝑓 − h̄ will be 5,000, but it will
decrease to zero as h̄ increases to 5,000ft (or h increases
to the desired altitude 30,000ft). The change of altitude is
carried out by controlling the flight path angle �̄� , which is
the real 𝛾 minus 𝛾N. The trimmed flight path angle usu-
ally is chosen to be 0. The h to 𝛾 scaler Rh𝛾1 is chosen to be
0.003o/ft.

The output of the Rh𝛾1 block, denoted as 𝛾ref, is employed
as the reference input to the flight path angle tracking con-
trol subsystem, which consists of the internal model, I∕s
with Zr = 0, the equilibrium-shift regulation matrices Ux
and Wx, and the feedback control gain matrices FLg and
Ex. These matrices can be found using the optimal nom-
inal robust tracking controller design procedure shown
in Section 4.2. The augmented system can be constructed
as in Equation (21), where D11 = 1, C1 =

[
0 −1 0 1

]
,

A = ALg, B = BLg, and Zr = 0. The exogenous sys-
tem matrix Zr is chosen to be zero since the objective of
the controller is to track the reference input, which is a
step input function with arbitrary magnitude or a piece-
wise continuous function that can be approximated by a
sequence of step functions. With this longitudinal aug-
mented system, an optimal H2 feedback controller of the
form in Equation (22) is obtained as Fx = [F1x F2x], where

F1x =
[
−0.097 0.315 1.619 3.309
−65.68 10, 432 −67.52 −10, 300

]

F2x =
[
−0.669
2, 134

] (26)

Then by Equation (24), we can find the matrices of the
longitudinal flight path tracking controller as follows.

FLg = F1x, Wx = [−90.13 0.0507 0 1.051]T

Ux =
[
−0.0389
34, 627

]
, Ex = 0.0547

(27)

Note that the poles of the closed-loop longitudinal track-
ing control system are −1.29 ± j2.45, -2.16, -0.21, and
-0.064.

Lateral Coordinated Turn Control
The lower part of the controller structure in Figure 4 is

for the lateral stability, robustness, and coordinated turn
control. A coordinated turn can be manually achieved by
coordinating the aileron and rudder controls to make a
turn without causing a sideslip. The lateral tracking con-
trol subsystem shown in Figure 4 is designed to accomplish
automatic coordinated turn control by regulating the two

lateral state variables, the yaw rate r(t) and the sideslip 𝛽(t).
Since 𝛽N and rN at TrimN are to be 0◦ and 0◦/s, respectively,
we have 𝛽(t) = 𝛽(t) and r̄(t) = r(t). The sideslip refer-
ence input 𝛽ref(t) is chosen to be the desired sideslip angle,
which usually is 0◦. The yaw rate reference input rref(t) is
chosen to be the desired yaw rate, which can be determined
by the desired turn angle (i.e., the yaw angle difference𝛥𝜓)
or computed based on the turn rate .

𝜓 . Note that the yaw
rate r is not equal to .

𝜓 .
The lateral sideslip and yaw rate tracking control sub-

system consists of the internal model, I∕s with Zr = 0, the
equilibrium-shift regulation matrices Uy and Wy, and the
feedback control gain matrices FLa and Ey. These matrices
can be found using the optimal nominal robust tracking
controller design procedure shown in Section 4.2. The aug-
mented system can be constructed as in Equation (21),
where

C1 =
[

1 0 0 0
0 0 1 0

]
, D11 =

[
- 1 0
0 - 1

]

A = ALa, B = BLa, Zr =
[

0 0
0 0

] (28)

The exogenous system matrix Zr is chosen to be a zero
matrix for the same reason as described in the longitudinal
case. A controller that can track the exogenous step inputs
with arbitrary magnitude also can track well on any slowly
varying reference signal. With the above lateral augmented
system, an optimal LQR feedback controller of the form in
Equation (22) is obtained as Fy = [F1y F2y], where

F1𝑦 =
[

0.4805 −0.9079 −0.4385 −0.327
−2.924 −0.6813 4.2146 −0.2551

]

F2𝑦 =
[

0.0421 0.3134
0.9911 −0.1331

] (29)

Then by Equation (24), we can find the matrices of the
lateral sideslip and yaw rate tracking controller as follows.

FLa = F1𝑦, E𝑦 =
[

0.2241 −0.0142
−0.0142 0.0671

]

W𝑦 =
⎡⎢⎢⎢⎣

1 0
0 −0.176
0 1

0.3074 14.03

⎤⎥⎥⎥⎦
, U𝑦 =

[
0.87 −0.089
1.35 −0.307

] (30)

Note that the poles of the closed-loop lateral tracking
control system are −1.32 ± j0.456, -8.68, -0.33 -0.305, and
-0.07.

5 RECONFIGURED ROBUST
TRACKING CONTROL

5.1 Reconfigured tracking controller
structure
The reconfigured tracking/regulation controller structure
shown in Figure 5 will be employed in the design of a
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FIGURE 5 The basic structure of the
reconfigured robust tracking controller

reconfigured longitudinal tracking/regulation controller
to address the issues caused by an elevator jam. The
Impaired Trimmed Plant Model is described by

.x1(t) = Ax1(t) + Be𝛿eJ(t) + BT𝛿T(t)

e(t) = 𝛾re𝑓 (t) − 𝛾(t) = D11𝛾re𝑓 (t) + C1x1(t)
(31)

where x1(t) = xLg(t), A = ALg, [Be BT] = BLg, and
𝛾ref(t) and 𝛾(t) are the desired and the actual flight path
angles, respectively. Note that the elevator control surface
is jammed and no longer functioning as a control input;
instead, it becomes the source of a persistent disturbance
with arbitrary magnitude. The objective of the reconfig-
ured longitudinal tracking/regulation control system is to
stabilize the impaired system, minimize the effect of the
aerodynamic force due to the jammed elevator, and ensure
the aircraft's capability to perform the flight path angle
tracking.

With the elevator jam, the longitudinal subsystem
has lost the elevator control authority and become
under-actuated with only the thrust control 𝛿T remaining
effective. On the other hand, the jammed elevator adds
one more exogenous disturbance input 𝛿eJ(t) to the system
in addition to the reference input 𝛾ref(t). These two exoge-
nous inputs can be modeled as the output of the following
exogenous system,[ .

𝛿eJ(t).
𝛾re𝑓 (t)

]
=
[

Ze 0
0 Zr

] [
𝛿eJ(t)
𝛾re𝑓 (t)

]
(32)

where Zr and Ze have eigenvalues only on the imaginary
axis of the complex plane and the initial exogenous state
vectors 𝛿eJ(0) and 𝛾ref(0) are arbitrary. The most common
exogenous signals include the step inputs with arbitrary
magnitude and the sinusoidal signals with arbitrary ampli-
tude and phase.

The internal model in Figure 5 is a copy of the exogenous
system dynamics corresponding to Zr in Equation (32).
The internal model and the UJ and WJ matrices in the
controller structure are employed to achieve zero tracking
error and disturbance regulation at steady state, that is,
𝛾(∞) = 𝛾ref(∞). Let Z = diag(Ze,Zr). Then the UJ and WJ

matrices satisfying the following regulator equation:

AWJ + [Be 0] + BTUJ − WJZ = 0

C1WJ + [0 D11] = 0
(33)

will transform the original coordinate (x1, 𝛿T) to the new
one (x̃1, 𝛿T), where

x̃1 = x1 − WJ𝜌, 𝛿T = 𝛿T − UJ𝜌 (34)

according to value of the vector 𝜌.

5.2 Reconfigured tracking controller
design
The design of the reconfigured tracking controller is sim-
ilar to that of the nominal tracking controller. The main
difference is coming from the elevator jam. Now, there is
only one control actuator, the thrust control 𝛿T, available
for longitudinal control. Furthermore, the reconfigured
controller needs to address the persistent disturbance due
to the aerodynamic force exerted on the jammed elevator
surface. Note that the elevator jam position 𝛿eJ information
is fed back to the controller at 𝜌(1) so that the effect of the
persistent disturbance can be mitigated.

In the following, we will describe how to find the matri-
ces FJ, UJ, WJ, and EJ so that the closed-loop system is
stable, the robust steady-state tracking is achieved, and
the transient response is optimized subject to the actuator
limitations and constraints shown in Equation (13).

1) Construct The Augmented System
The first step is to combine the two subsystems, the
impaired trimmed plant model and internal model,
into one augmented system with state vector xT(t) =[

xT
1 (t) xT

2 (t)
]
. The state equation for the augmented

system will be

.x(t) =
[

A 0
C1 Z

]
x(t)+

[
Be 0
0 D11

] [
𝛿eJ(t)
𝛾re𝑓 (t)

]
+
[

BT
0

]
𝛿T(t)

(35)
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2) Optimize The Transient Response
Then the transient response optimization problem will
be formulated as an H2 optimal control problem, which
is to find a feedback control strategy

𝛿T(t) = F1x1(t) + F2x2(t) (36)

so that the closed-loop system is internally stable
and the following performance index integral is mini-
mized.

∫
∞

0

(
xT(t)Qx(t) + 𝛿T

T(t)R𝛿T(t)
)

dt (37)

where Q and R are positive semi-definite and positive
definite, respectively. Note that the weighting matri-
ces Q and R need to be chosen to optimize the tran-
sient response while the actuator constraints shown in
Equation (13) are not violated.

3) Compute The Matrices FJ,UJ,WJ,&EJ
Based on Equation (36), Equation (33), and the con-
troller structure in Figure 5, the matrices FJ,UJ,WJ and
EJ can be found by solving the following equations,

AWJ + [Be 0] + BTUJ − WJZ = 0
C1WJ + [0 D11] = 0, FJ = F1

UJ2EJ − F1WJ2EJ − F2 = 0
(38)

5.3 Reconfigured control to address
the issues arising from elevator jam failure
The reconfigured optimal robust tracking control system
to address the issues arising from elevator jam is shown
in Figure 6. Note that the nominal controller KN shown
in Figure 4 will become inadequate when an elevator jam
failure occurs, since the jam will cause tremendous
dynamics structure change in the longitudinal subsystem.
A new controller needs to be specifically designed to
address the three issues caused by the elevator jam: 1)
the loss of elevator control authority, 2) the undesired per-
sistent disturbance due to the aerodynamic force exerted
on the jammed elevator surface, and 3) the disappearance
of the nominal flight trim. We can see at the upper right

corner of Figure 6, there is only one control input, the
thrust input 𝛿T , available to control the longitudinal flight.
Recall that u = ū + û, where u is the real control input
vector sent to the untrimmed nonlinear aircraft dynam-
ics system, and ū is the output of the controller designed
based on a trimmed dynamics model. A zero ū means that
the real control input u is operating at its trimmed value,
û = ûN .

The elevator jam position value 𝛿eJ shows up in two
places − one is at the right side of the figure showing the
real aircraft elevator is jammed at the position 𝛿eJ = 𝛿eJ −
1.26◦ and the other is on the top of the figure giving the jam
position information to the reconfigured controller. The
feedback loop in the reconfigured controller involves the
internal model I∕s, the regulator matrices UJ, WJ, and
the feedback gain matrices FJ and EJ. The internal model
and the regulator matrices UJ, WJ work together to guar-
antee robust steady-state tracking and regulation while the
feedback gain matrices FJ and EJ can be designed to opti-
mize the transient response and robust stability using the
H2 or H∞ control approaches.

As in the design of the nominal tracking controller, the
altitude tracking control is accomplished via the control of
the flight path angle. The output of the Rh𝛾2 block, denoted
as 𝛾ref, is employed as the reference input to the flight path
angle tracking control subsystem. The augmented system
can be constructed as in Equation (35), where D11 = 1,
C1 =

[
0 1 0 −1

]
, A = ALg, [Be BT] = BLg and Zr = Ze = 0.

The exogenous system matrices Zr and Ze are chosen to
be zero since both the reference input and the persistent
disturbances are step input functions with arbitrary mag-
nitude. With this augmented system, an H2 optimal feed-
back controller of the form in Equation (36) is obtained as
F = [F1 F2], where

F1 =
[
−67.81 11, 973 −133.3 −11, 801

]
F2 = 1, 414.2

(39)

FIGURE 6 Reconfigured tracking control of
the impaired aircraft with elevator jam failures
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Then by Equation (38), we can find the matrices of the
longitudinal reconfigured controller as follows.

UJ =
[
−45, 412 32, 860

]
, FJ = F1

WJ =
⎡⎢⎢⎢⎣

1, 328.6 −38.43
−1.3019 0

0 0
−1.3019 1

⎤⎥⎥⎥⎦
, EJ = 0.0336

(40)

The poles of the closed-loop longitudinal control system
are −0.309 ± j1.48, −0.026 ± j0.105, and −0.038. Note that
the lateral part of the reconfigured control system is the
same as that in the nominal control system.

6 SIMULATION

The results of 10 simulations will be presented in this
section and displayed in Figures 7, 8, 9, 10, and 11, where
each figure will consist of two simulations: one in solid

lines and the other in dotted lines. The solid-line will be
referred to as the A(ascent)-simulations and dotted-line as
the B(descent)-simulations. Therefore, the solid-line sim-
ulation on Figure 9 will be referred as Case 3A simulation.
In all the simulations, the initial state is assumed at TrimN,
which is a straight level flight with 10◦ angle of attack. The
initial positions, altitude, and yaw angle are assumed at
pN = 0ft, pE = 0ft, h = 25, 000ft, and 𝜓 = 0◦. For the first
six cases, the aircraft is commanded to change altitude by
ascending or descending 5,000ft at t = 0s, and then con-
duct a level coordinated turn at t = 200s. For Cases 4A,
4B, 5A and 5B, the aircraft is only commended to change
altitude by ascending or descending 5,000ft at t = 0s, no
coordinated turn will be performed.

Cases 1A and 1B show the performance of the nomi-
nal controller KN with a healthy aircraft. Cases 2A and 2B
demonstrate that the nominal controller KN will become
inadequate when a 2.5◦ elevator jam failure occurs. In

FIGURE 7 Tracking performance of the
nominal Controller KN under normal flight
conditions

FIGURE 8 The nominal Controller KN

becomes inadequate after the elevator jammed at
𝛿e = 2.5◦
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FIGURE 9 Use the reconfigured controller KR

to mitigate the elevator jam failure at 2.5◦

FIGURE 10 Use the reconfigured controller
KR to mitigate the elevator jam failure at −23◦

FIGURE 11 Use the reconfigured controller
KR to mitigate the elevator jam at 4◦

Cases 3A and 3B, we will see how well the contingency
reconfigured controller KR saves the aircraft from becom-
ing loss of control. To further demonstrate the capability of

the reconfigured controller KR, two extreme elevator jam
positions at −23◦ and +4◦ are considered in Cases 4 and 5,
respectively.
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6.1 KN for the healthy aircraft (Cases 1A
& 1B )
The nominal controller KN designed in Section 4 is
employed in the Case 1A and 1B simulations, where the
aircraft is assumed healthy without any actuator failures.
The altitude tracking inputs href = +5, 000ft and href =
−5, 000ft are applied in Cases 1A and 1B at t = 0s to
command the aircraft to ascend to 30,000ft and descend
to 20,000ft, respectively. Meanwhile, the side-slip and the
yaw rate reference inputs, are set at 𝛽ref = 0◦ and rref = 0◦∕s
to keep straight flight. It can be seen from Figure 7 that by
t = 200s, the straight flight ascent and descent are com-
pleted and the aircraft has returned to its nominal trim,
TrimN.

At t = 200s, the yaw rate reference input is changed to
rref = 1◦∕s, while keeping the rest the same, to conduct a
level coordinated turn. The graphs in Figure 7 show that
at t = 400s, the coordinated turn has almost reached the
steady-state and both of 1A and 1B graphs converge to the
same equilibrium except for the altitude. The steady-state
values x, u, 𝛾 and .

𝜓 at t = 1, 000s are given as follows. The
two coordinated turn equilibriums of Case 1A and Case
1B are identical. The yaw angle turn rate is .

𝜓 = sin𝜙

cos 𝜃
q +

cos𝜙
cos 𝜃

r = 1.0476◦/s, which is different from the yaw rate r =
1◦∕s. Note that the flight path angle formula 𝛾 = 𝜃 − 𝛼 is
only valid for straight flight; its general formula is given in
Equation (25). With this formula, you will find

sin 𝛾 = − cos 𝜃 [cos 𝛽 cos𝜙 sin 𝛼 + sin 𝛽 sin𝜙]

+ cos 𝛼 cos 𝛽 sin 𝜃 = 0

which means 𝛾 = 0 at the steady state.

x1A = [435.12ft/s 0◦ 10.42◦ − 0.18◦∕s

0.25◦∕s 1◦∕s 14.17◦ 10.11◦

∗◦ ∗ ft ∗ ft 30, 000ft]T

u1A = [−0.09◦ − 0.31◦ − 1.61◦ 5, 898lbf]T

𝛾1A = 0◦, .
𝜓1A = 1.0476◦∕s

(41)

x1B = [435.12ft/s 0◦ 10.42◦ − 0.18◦∕s

0.25◦∕s 1◦∕s 14.17◦ 10.11◦

∗◦ ∗ ft ∗ ft 20, 000ft]T

u1B = [−0.09◦ − 0.31◦ − 1.61◦ 5, 898lbf]T

𝛾1B = 0◦ ,
.
𝜓1B = 1.0476◦∕s

(42)

6.2 KN becomes inadequate after elevator
jammed at 𝛿e = 2.5◦ (Cases 2A & 2B)
In Cases 2A and 2B, elevator jams was assumed to occur at
t = 70s, but no action was taken to mitigate the failure and
the nominal controller KN, now inadequate, still continued

its old control strategy without knowing the loss of the
elevator control, the presence of the newly created persis-
tent disturbance, and the disappearance of the nominal
trim. It can be seen from the graphs in Figure 8 that the
aircraft lost stability shortly after the elevator jam for both
Cases 2A and 2B.

6.3 KR to mitigate the elevator jam
failure at 𝛿e = 2.5◦ (Cases 3A & 3B)
The elevator jam occurred at t = 70s, but the reconfigured
controller KR did not engage until 10 seconds later. Dur-
ing this 10s period, the situation continued to deteriorate
since the nominal controller KN is unable to deal with the
crisis. After KR engaged at t = 80s, the situation started to
get under control and by t = 400s, the system has almost
reached the steady state of the coordinated turn and both
graphs of Cases 3A and 3B are converging to the same equi-
librium as shown in Figure 9. The steady-state values of x,
u, 𝛾 and .

𝜓 at t = 1, 000s are given as follows. Note that the
equilibriums of Cases 3A and 3B are identical, but they are
different from the equilibriums of Cases 1A and 1B. The
original nominal equilibriums have disappeared due to
the elevator jam, but the controller KR is able to identify the
new feasible coordinated turn equilibrium and stabilize
the system at the new equilibrium.

x3A = [615.41ft/s 0◦ 4.7◦ − 0.08◦∕s

0.36◦∕s 1◦∕s 19.71◦ 4.43◦

∗◦ ∗ ft ∗ ft 30, 000ft]T

u3A = [−0.04◦ − 0.19◦ 2.5◦ 2, 397.4lbf]T

𝛾3A = 0◦, .
𝜓3A = 1.0654◦∕s

(43)

x3B = [615.41ft/s 0◦ 4.7◦ − 0.08◦∕s

0.36◦∕s 1◦∕s 19.71◦ 4.43◦

∗◦ ∗ ft ∗ ft 20, 000ft]T

u3B = [−0.04◦ − 0.19◦ 2.5◦ 2, 397.4lbf]T

𝛾3B = 0◦, .
𝜓3B = 1.0654◦∕s

(44)

6.4 KR to mitigate the elevator jam
failure at 𝛿e = −23◦ (Cases 4A & 4B)
In Cases 4A and 4B, the elevator jam occurs at t = 70s
with the jam position at−23◦, which is close to the physical
limit of the elevator control. As can be seen from Figure 10,
almost immediately after the jam the angle of attack
jumped from around 10◦ up to 40◦ causing the total speed
to drop from 430ft/s to about 200ft/s. It was almost at a stall
condition before the reconfigured controller KR engaged
at t = 80s. The controller KR, with only the thrust con-
trol at its disposal, was able to neutralize the effect of the
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persistent aerodynamic disturbance, prevent the aircraft
from loss of control, identify a new feasible safe trim, and
bring the aircraft to fly at the new safe trim.

x4A = [288.3ft/s 0◦ 29.4◦ 0◦∕s

0◦∕s 0◦∕s 0◦ 29.4◦

∗◦ ∗ ft ∗ ft 30,000ft]T

u4A = [0◦ 0◦ − 23◦ 14, 586lbf]T

𝛾4A = 0◦, .
𝜓4A = 0◦∕s

(45)

x4B = [288.3ft/s 0◦ 29.4◦ 0◦∕s

0◦∕s 0◦∕s 0◦ 29.4◦

∗◦ ∗ ft ∗ ft 20,000ft]T

u4B = [0◦ 0◦ − 23◦ 14, 586lbf]T

𝛾4B = 0◦, .
𝜓4B = 0◦∕s

(46)

Note that the above straight level flight equilibrium is
consistent with the straight-level flight trim curve shown
in Figure 2. At this extreme elevator jam position (−23◦),
the aircraft does not have much option but to fly at a very
high angle of attack with a very high thrust input.

6.5 KR to mitigate elevator jam failure
at 𝛿e = 4◦ (Cases 5A & 5B)
In Cases 5A and 5B, the elevator jam occurs at t = 70s with
another extreme jam position at 4◦, which is close to the
opposite end of the working range of the elevator control.
As can be seen from Figure 11, almost immediately after
the jam the angle of attack dropped from 10◦ down to 2◦

and the flight path angle changed from around 10◦ to about
−30◦ causing a tremendous loss of altitude. It was almost
at a stall condition before the reconfigured controller KR
engaged at t = 80s. The controller KR, with only the thrust
control at its disposal, was able to neutralize the effect of
the persistent aerodynamic disturbance, prevent the air-
craft from loss of control, identify a new feasible safe trim,
and bring the aircraft to fly at the new safe trim. This new
trim is the steady-state equilibrium of the Case 5A and
Case 5B flights shown as follows.

x5A = [789.87ft/s 0◦ 2.41◦ 0◦∕s

0◦∕s 0◦∕s 0◦ 2.41◦

∗◦ ∗ ft ∗ ft 30,000ft]T

u5A = [0◦ 0◦ 4◦ 1, 195.4lbf]T

𝛾5A = 0◦ ,
.
𝜓5A = 0◦∕s

(47)

x5B = [789.87ft/s 0◦ 2.41◦ 0◦∕s

0◦∕s 0◦∕s 0◦2.41◦

∗◦ ∗ ft ∗ ft 20,000ft]T

u5B = [0◦ 0◦ 4◦ 1, 195.4lbf]T

𝛾5B = 0◦, .
𝜓5B = 0◦∕s

(48)

Again, the above straight level flight equilibrium is
consistent with the straight-level flight trim curve shown
in Figure 2. At this extreme elevator jam position 4◦, the
aircraft does not have much option but to fly at a very low
angle of attack with a very high total speed.

7 CONCLUSION

In this paper we formulate the challenging elevator jam
problem as a nonlinear multi-flight mode control problem,
and these flight modes are associated with the elevator
jam positions. We develop a simple effective approach to
navigate the impaired aircraft toward a feasible safe level
flight trim. The basic idea is simple – there exists only one
single level flight trim with a specific angle of attack asso-
ciated with each elevator jam position. By demanding the
aircraft flight path angle to be zero, the controller and the
aircraft will automatically follow the physics law to fly a
level flight with the specific angle of attack. Therefore there
is no need to compute this unique feasible level flight trim
beforehand. This capability makes it possible to employ a
simple fixed linear controller to solve this special nonlinear
multi-flight mode control problem.
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APPENDIX

A.1 Solution existence of Equations (24)
& (38)
A.1.1 Solve Equation (24) for W,U,E

AW + BU = 0 · · · · · (1)

UE − F1WE − F2 = 0 · · · · · (2)

C1W + D11 = 0 · · · · · (3)

(1) ∗ E − B ∗ (2) will lead to a unique solution for WE =
(A + BF1)−1(−BF2) since A + BF1 has all its eigenvalues in
the strictly left half of the complex plane and therefore is
nonsingular. Multiply E to Equation (3) will lead to E =
−D−1

11 C1WE. Then from Equation (2) we have U = (F1WE+
F2)E−1.

A.1.2 Solve Equation (38)
for WJ1,WJ2,UJ1,UJ2,EJ

A [WJ1 WJ2] + [Be 0] + BT [UJ1 UJ2] = 0

C1 [WJ1 WJ2] + [0 D11] = 0

UJ2EJ − F1WJ2EJ − F2 = 0

These equations can be decomposed to five equations,

AWJ1 + BTUJ1 = −Be · · · · · (1)

C1WJ1 = 0 · · · · · (2)

AWJ2 + BTUJ2 = 0 · · · · · (3)

C1WJ2 + D11 = 0 · · · · · (4)

UJ2EJ − F1WJ2EJ − F2 = 0 · · · · · (5)

Rewrite Equations (1) & (2) into a matrix form:[
A BT
C1 0

] [
WJ1
UJ1

]
=
[
−Be

0

]

Note that −C1(sI−A)−1BT is the transfer function from the
thrust control 𝛿T to the flight path angle 𝛾 = 𝜃 − 𝛼. Since
the transfer function has no zero at s = 0, the matrix on the
left of the matrix equation is nonsingular and hence there
exists a unique solution for [WJ1 UJ1]T.

Now we will show solution existence of Equations (3),
(4), (5) for WJ2, ,UJ2,EJ. (3) ∗ EJ − BT ∗ (5) will lead to
a unique solution for WJ2EJ = (A + BTF1)−1(−BTF2) since
A + BTF1 has all its eigenvalues in the strictly left half of
the complex plane and therefore is nonsingular. Multiply
EJ to Equation (4) will lead to EJ = −D−1

11 C1WJ2EJ . Then
from Equation (5) we have UJ2 = (F1WJ2EJ + F2)E−1

J .

A.2 Stability analysis of the reconfigured
robust tracking control system
The best chance for an impaired aircraft to survive is to
first recover to a level straight flight and then maneuver
to a safe landing. There is only one level flight trim
available for each jam position. The proposed control
system is designed to guide the aircraft to achieve zero
flight path angle that will automatically lead to the only
available level flight trim. However, for the proposed
approach to work, the closed-loop system is required to be
stable at anywhere in the operable elevator jam range.

To investigate the stability of the closed-loop system at
anywhere in the operable elevator jam range −24◦ < 𝛿e <

5◦, the destination level flight trim (x̂D, ûD) and its associ-
ated linearized model:

.
x̄D = ADx̄D+BDūD will be employed

to represent any possible level flight trim and trimmed
model corresponding to any elevator jam within the oper-
able range. When an elevator jam occurs, the real aircraft
or the untrimmed flight dynamics model will operate at
the vicinity of the trim (x̂D, ûD) and the local closed-loop
system stability and performance can be evaluated based
on the trimmed linearized model

.
x̄D = ADx̄D + BDūD. As

shown on the righthand side of Figure A1, the untrimmed
nonlinear model is replaced by the destination trimmed
linear model together with trim equalizers: ūD = u − ûD,
x = x̄D + x̂D.

Now, we will construct the state-space representation of
the closed system shown in Figure A1. From the trimmed
destination model, the controller parameters, and the
interconnections, we have the following equations,

.
x̄D = ADx̄D + BDūD,
.
x̄a = −C1x̄N

ūD = ūN + ûN − ûD, x̄N = x̄D + x̂D − x̂N

𝛿T = F1(x̄N − WJ𝜌) + UJ𝜌

where BD = [BDe BDT]

WJ = [WJ1 WJ2], UJ = [UJ1 UJ2]

ūN =
[
𝛿e
𝛿T

]
, 𝜌 =

[
𝛿e

EJ x̄T

]

Combining the above equations and the fact F2 = (UJ2 −
F1WJ2)EJ from Equation (38), we have the following

.
x̄D = ADx̄D + BDT(F1x̄D + F2x̄a) + s.s. terms

.
x̄a = −C1x̄D + s.s. terms
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FIGURE A1 Stability analysis of the
reconfigured controller

The sum of the s.s. constant terms in each equation has
to be zero unless the early trim computations were not
correct. In that case, the trim values need to be revised,
but the dynamic equations still remain the same. Hence,
the state-space representation of the closed-loop system in
matrix form at Trim (x̂D, ûD) is

[ .
x̄D.
x̄a

]
=
[

AD + BDTF1 BDTF2
−C1 0

] [
x̄D
x̄a

]
(A1)

The closed-loop system consisting of the proposed fixed
robust tracking/regulation controller and the trimmed
plant model of the impaired model

.
x̄D = ADx̄D + BDūD is

stable (capable of converging to the level flight trim (x̂D, ûD)
if and only if the matrix in Equation (49) has all its eigen-
values in the strictly left half of the complex plane. We have
tested two extreme cases: elevator jammed at −23◦ and 4◦,
and many other jam positions in between. All of them are
stable.
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